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A dielectric instability of a collection of charged fermions interacting via Coulomb forces and
subjected to a random external field is pointed out. It is shown that, as a result of localization
produced by the random potential, an RPA Coulomb field can generate a dielectric instability, both
static or frequency dependent, resulting in a static or oscillating crystalline arrangement of the
fermions. In simple metals, such as the alkali metals, this mechanism is shown to provide an ex-
planation of the existence of the crystal lattice and of acoustic phonons.

1. Introduction

Since Anderson’s work in 19581 a growing inter-
est has been devoted to solutions of the Schrodinger
equation with a random potential. It is now com-
monly accepted that solutions exist corresponding to
localized states, filling a continuous range of ener-
gies, along with extended states similar to plane-
wave-like solutions: the envelopes of such states fall
off exponentially from some point in space and, in
the absence of any external disturbance, are con-
veniently thought of as distributed uniformly in
space 2.

If charged particles are supposed to fill these
states, it becomes important to take the Coulomb
interaction into account which is expected to pro-
duce much larger effects than on charges occupying
extended states 2.

This aspect is relevant in experimental situations
such as the conductance of amorphous semiconduc-
tors at sufficiently low temperature, where a hop-
ping mechanism at localized states becomes domi-
nant, so that the inclusion of correlation is necessary
to get a complete theoretical model 3 4. However the
problem appears to be much broader than such ex-
periments would suggest, and other situations can
be devised where the localization of charges under
the influence of the coulomb repulsion plays a de-
cisive role. In this paper a formal treatment of this
problem is given for low temperatures, taking the
charge interaction into account in a random phase
approximation, following closely a standard ap-
proach® available for extended, plane-wave like,
states. The approach will be that of calculating the
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wave vector dependent dielectric constant from
which information can be extracted on collective
modes which we will find more useful than single
particle excitations.

A situation which can be analyzed this way is that
of the crystal lattice of the simplest metals, where
the nuclei plus cores can be treated as charged iden-
tical particles localized by the potential due to the
electrons. In the Born-Oppenheimer approximation
in fact the electron motion can be treated as much
faster than that of the nuclei so that, seen from the
nuclei, the electrons generate a complete random
potential. The lattice is then the result of a collective
static mode, i.e. at zero energy, arising from the
vanishing of the static dielectric function, and the
lattice vibrations can be viewed as dynamical collec-
tive modes which arise, likewise, from the vanishing
of the frequency-dependent dielectric function.

In Section 2 a detailed mathematical account will
be given of the dielectric function calculation,
closely resembling the usual RPA approach?, as
well as some discussion of a further approximation,
besides the RPA, necessary to deal with localized
states. In Section 3 the lowest order result in the
random potential are worked out, corresponding to
treat the random potential as a spatial average, and
the way in which the zero of the dielectric function
is obtained is discussed. The simplest metals, such
as the alkali metals are shown to belong to this case
in Section 4, by working out explicitly the Born-
Oppenheimer approximation leading to the random
potential point of view. The wavevector of the static
mode leads to an explicit expression for the lattice
spacing, in fair agreement with measured values,
while the group velocity of the dynamical mode
coincides with the sound velocity in the acustic
branch of the phonon spectrum.
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2. The Dielectric Constant for Localized States

The calculation of the dielectric constant can be
carried out in much the same way as the standard
approach leading to Lindhard’s result®. We intro-
duce a local potential U(r) into the system we are
considering and suppose it so weak that first order
terms only must be retained in the response. In
particular the variation in charge density induced
by U(r) can thus be written:

Ao(¥) =Ze [ de f(&) Im [ dr” G (r,7"; &)

UMY G(r',r;¢) (2.1)

where Z e is the charge of each particle in the sys-
tem, f(¢) is the energy distribution function, which
from now on we shall take as the Fermi Dirac
distribution appropriate to fermions for reasons to
be discussed later, and G(r,7";¢) is the double
time Green function ©:

G(r, 175 8) = (w(r); v (1)), (2.2)

according to Zubarev’s scheme, v (7) and y*(r)
being the destruction and creation operators for a
particle at a point 7.

From (2.1) the self-consistent field AD (r) fol-

lows, as generated by the particle interaction:

AD(r) =47 722 &2 ]Eef(s) Im [dr” fdr (2.3)

@ e UE")G (1,15 e)
[r—7|

which is to be included in U(r) in a self-consistent
way, i.e.:

Ur)=UC(r) +[fdr" y(r, ") U@") (24)

where U (r) is the “external” field and y(r,1”)
a response function given by:

1, 7) =4 Z2e® [def(e) Im [ dr’

G e)G (15 e)
lr—7| '

In general %(r,7”’) will be a function of 7 and
1" separately unless the translational invariance is
restored, which in our case can be done by taking
the ensemble average of (2.5), according to the
random nature of the potential. This is not U(r),
of course, but a potential which is supposed to be
applied to be system when U (r) =0, along with the

(2.5)

Coulomb interaction between charges. Introducing
the notation A= (A4) as the ensemble average of
any quantity 4, where

(4) =[d{R} P({R})A({R:}) ,

{R;} being a set of random variables and P ({R;}),
their probability density, such as illustrated in Sec-
tion 3, we find from (2.5):

F(r—1")=4x22e[ de f(e) Im [ dF

(G, r;6)G(r",15¢))

-7 P (2.6)

where now 7(r —1”) depends only on the coordi-
nate differences, so that Eq. (2.4) can be Fourier
transformed to give, after taking the ensemble aver-
age:

(U(q))=U“(q)/E(q) (2.7)
with .
£(q) =1-7(q) (2.8)
and . . .
72(q) = [dee TP 7(p) (2.9)

£(q) being the dielectric constant, where the fac-
torization has been used

(" YU@") )=y (r—7")(U())

which appears legitimate for a weak U (r”).

So far only the R.P.A. approximation has been
used, essentially in Eq. (2.3), so that the equations
are still “RPA” exact. As a next step we assume
that the Green functions in (2.6) are those obtained
neglecting the Coulomb interaction, as the leading
term in (2.6) is already proportional to the inter-
action itself, and then we will use the following ap-
proximate decoupling for the ensemble average

(G, " e)C" 15 0))
2y =) G =15 (2.10)

where y (1 —1”’) satisfies the integral equation

[dr y(r —¥)Cr -1 e) = — —aaé-é(r'—r’; €)
(2.11)

which was introduced succesfully elsewhere? and
will be discussed in Appendix A. We anticipate
however a result to be used in the following, i.e.
that (2.10) becomes exact at long wavelenghts, that
is when g— 0. In order to exploit this property
fully we rewrite Eq. (2.9), by the help of (2.6),
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(2.10) and (2.11) in the form

2,2 400
2<q)=if’fqu JdefoIm  (212)
dk .
. *(ﬁg‘/(k*q)c(k)

y(k) and 6(k) being the Fourier transform of

7(r) and G(r) (when not explicitly needed the
energy index ¢ will be neglected as an argument) ;
where:

y(k) = — aa: InG (k) (2.13)

follows from 2.11). On substituting this result in
(2.12) we find:

= AmZ?e® *> dk
2(q) = — - q2v_j;dsf(s)lm 22

(k)G (k—q) (1 . 'gg 8 (e)) (2.14)

where use has been made of the conventional form
Gk) =[e—ex—2k (€)1, ex= (h%/2m)k? being
the kinetic energy and 'k (¢) the self-energy, which
in the approximation used incorporates only the ef-
fects of the random potential.

On using this form again it is easily found that

1

ek +2k (6) —etk-q —2k-q (€)

1 1
e e e - 2.15
£—tk-q —2k-q(¢) 2150

G(k)G(k—q) =

which in the limit of q— 0 can be approximated
by replacing the denominator by Ex — Ex_q , where
Ex is a solution of the equation

Ex —ex — 21k (Ex) =0 (2.16)

where X'k (¢) is the real part of X (¢), which is
made possible by the additional fact that the Green
functions in the bracket in (2.15) are strongly
peaked at those energies satisfying (2.16).

Thus as long as we retain the q— 0 behaviour
the equations written down so far are still asymp-
totically exact, within the RPA framework of course.

Equation (2.14) can then be brought into the
final form:

4dnZ?e?

1@ =-"0 (27)% Ex —Ex_q

dk Fx —Fk q

(2.17)
with

Fi :jf?le/(e) Im G (k) (1_ aa; b (s)> (2.18)

the full expression for the dielectric constant being
then obtained by means of (2.8).

So far the result (2.17) is still completely general
as we have not specified X'k (¢) nor, for a given
self-energy, we have studied any particular energy
range of interest. As can be verified for example on
taking X'k (¢) — 0 Eq. (2.18) becomes Fj =f(ek)
namely the Fermi-Dirac distribution, and then Eq.
(2.17) reduces to Lindhard’s expression?, a check
for the correctness of the decoupling procedure.

Turning now to the case of non vanishing 2k (¢),
let us suppose that the temperature (T) is about
zero, so that the integral in (2.18) can approxi-
mately be taken over the effective integration range
...¢p) due to f(¢), where ¢ is the Fermi
energy. Furthermore it will be assumed that e lies
well inside the region of localized states such that at
T > 0 the occupancy of extended states is negligible
and that the following equations can be used in
55 EF)

{— 0

(—
Zok(e) =0 (2.19)

1— ,aag_ Sik(e) <0 (2.20)

2ok (¢) being the imaginary part of the self-energy,
valid whenever a state of energy ¢ is localized 871°.

On splitting 2k (¢) into its real and imaginary
parts and using (2.19) and (2.20) Eq. (2.18) be-

comes

Fre2—f(Ex), T=0, (2.21)

so that finally £(q) acquires the form: (2.22)

4az2e [ dk  f(Ex) —f(Ex-q)

E(q) =1 = = =
R R R T

where the change in sign of the second term on the
right hand side as compared to Lindhard’s result is
to be noted.

This is a main point as it implies the vanishing of
£(q) at a certain q,; in fact in the limit of small q,
in (2.22), consistently with the approximation used,
we get

dnZ?e? dk .
E(q) =1+ - = — 7»/‘77(2:1)3 (2.23)
_Cf(Ex)  VEk'q
OEx VEKk-q+VyEkq?2
+ (higher order derivatives of f)
which vanishes when
2 2o [ dE
=4nZ%e f 27)8
o/ (Exk) >  VEk'q
< dEx ) VEx-q+VaEx g 2P
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owing to the fact that 3f (Ex)/3Ek <0 everywhere
at T=>0. The physical interpretation of the di-
electric instability will be discussed in connection
with metals later. In the following a simple example
will be given of the calculation of g .

3. An Example

A simple example will be presented now to elu-
cidate the most important steps of the calculations
and assumptions needed to get (2.24). We then
consider a system of charged particles interacting
with a random collection of scatterers, whose con-
centration is /V, fixed in space; each spatial con-
figuration can be thought to be weighted by a
probability function of the spatial coordinates of the
scatterers, which we assume statistically independent
such that the self energy of the charges is given by

2k () =Ntk () (3.1)

where tkk(¢) are the matrix elements of the ¢ matrix
appropriate to a single scatterer. As we shall see
later Eq. (3.1) can be used in metals to describe the
interaction between an electron and a nucleus sur-
rounded by the core. As a next assumption not
strictly necessary, apart for a simplification of the
mathematics, we will assume that tkk(¢) is a slowly
varying function of K such that one can use the on
the energy shell approximation

i ()2 tie ey (2) =2(¢) (3.2)

where ky*> = (2 m/h?)¢: again this assumption main-

tains its validity in the metals to be discussed later.
With this simplified model, localized states are

obtained at energies ¢ satisfying the equations:

t(e) =0
e—ex —Nt;(e)=0

(3.3)
(3.4)
where t;(¢) and ¢,(¢) are the real and imaginary
parts of ¢(¢). On using the optical theorem 1:
(B/V2m) Ve o (e)

where o (¢) is the total cross section of a scatterer,
we see from (3.3) that e<0. The existence of nega-

tive solutions of Eq. (3.4) can be studied by means
of the following dispersion relation 12

1f‘/‘“’(‘g)de T(e) (3.6)

ty(e) = — (3.5)

Ntl(s) = V—I— ?éirin
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Nt,© t-& =Nt (e)

i
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Fig. 1. Graphical solution of Eq. (3.4), obtained by plotting
g—ek (straight dashed lines) ant_lv Nt (¢) from (3.6) (full

line) as functions of ¢ for a weak V case.

where V' is the average potential (in space) and
T(e) a contribution from bound states, which we
shall neglect on assuming that they are, if any,
energetically far from the region of interest here.
For a weak, attractive V' the graphical solution of
Eq. (3.4) is given in Fig. 1 which shows negative
solutions to exist for ex < eyac. They are in
(Emin - - - 0), where E,;, is given by E ;=N ¢, (0)~.
From (3.6) it that N¢ (0) =V

+0(m~12) so that for particles of large mass one

follows now

can use E;, 2V

Thus localized states of a system of fermions of
large mass subjected to a weak, attractive random
potential of /V scatterers per unite volume are in the
interval (7...0). The actual solutions Ek are not
easily obtained in closed form and we shall assume
that approximately

Ex —ex+V. (3.7)

It is to be noted that this equation is assumed for
the correct numerical value of Ex and is not to be
taken as the correct functional form which in fact
would violate Equation (2.20). To verify that this
latter is also satisfied in (V... 0) one should start
from (3.6) and differentiate under the integral sign,
but this can be done on general grounds!®. On
substituting now Eq. (3.7) in (2.24) it is found that

—1-:Z’e’2 fdkk" Of (Ex)
aek
5 4 1+7q/2k
T ok 1-q/2k (3:8)
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where dk=2#k?sin dk d¥ dp has been used in
polar coordinates and an extra factor 2 takes ac-
count of the spin degeneracy. On retaining now the
most divergent terms in the integrand in (3.8) it
then follows that

q2/Akr*=1+exp (8ah2kp/2mZ2e?) (3.9)
where -
Ty = Vim (ep— V)12 (3.10)

is the Fermi momentum. The order of magnitude of
the exp term in (3.9) can be estimated for example
by using kp==2(3 22 N,) '3, N, being the number of
particles per unite volume, volid for free fermions'?;
we then geht ~exp(4x1073) from m=10%x elec-
tron mass, Z=1 and N,210%2 cm 2; this means
that Eq. (3.9) in practical calculations becomes

qo2/A k222 (3.11)

as a good approximation.

4. The Dynamical Case

The previous results for the static dielectric con-
stant are extended to the dynamical case without
difficulty. As a simple rule which reminds of the
frequency dependence of the dielectric constant in
Lindhard’s case we can replace the denominator in
(2.22) by Ex—E;_,— o, where o is the frequency
of the applied U(r) now space-time dependent. In
the limit @ — 0 then we can derive a dielectric in-
stability by expanding the denominator in (2.22) in
powers of @; the first non vanishing contribution is
thus seen to arise from ®? terms and thus

mow=hkrp, g—0 (4.1)
is found, where
f dk k2 @fa,(Ek)
kgt = 21— . (4.2)
[dk 3/ (Ex)
0 Oek

defines again the Fermi momentum, according to

(3.10), due to the fact that
Of (Ex)/[Qex=20[ex — (ep— V)]

at low temperatures. This longitudinal acustic mode
of vanishing @ as ¢— 0 is the dynamical counter-
part of the static mode given by (3.11) and has a
simple interpretation in metals; the group velocity
of the mode coincides with the Fermi velocity of the

Instability of Fermions

particles. It is to be noted that the static mode has
likewise vanishing @ and is strictly obtained only
retaining the ¢ term in the denominator of (2.24).

5. Application to Simple Metals

We now want to show that in simple metals,
where the interaction between the electrons and
nuclei can approximately be neglected !, the con-
ditions of the previous paragraphs are recovered and
the nuclei undergo an instability, which can be
taken as responsible for the existence of the crystal
lattice.

Let us then consider a system of nuclei, of charge
Ze, and electrons, of charge e, neutral in the sense
that if /V, is the nuclei concentration Z N, is the
electron concentration. In alkali metals for example
it is useful to think of the nuclei plus core, where
the core is built up by the closed shells, as the Ze
charged system, Z being the valence. When the
adiabatic theorem holds !> i.e. provided the ratio
m./m between the electron mass m, and the nucleus
plus core mass m is small, the nuclear motion obeys
the effective Schrodinger’s equation:

.ho ao
S A T +E(RY)
{Ri}): @ ({R;}) (5.1)

where the nuclei are thought as interacting with
electrons and with themselves, and where {R;},
with R; the position of the i-th nucleus, denotes the
generic configuration. E ({R;}) is given by 15:

E({R;}) = [ d{r;} y*
({ri}s {RHHy ({r;}; {Ri})
where H and 1 are the hamiltonian and wavefunc-

tion for the electrons in a frozen configuration {R;}.
I.€.3

(9:2)

1 e’

2’ Z [ e
axp |[F—Tp|

(5.3)

Hes ’”zar-

2 m,

+ZV(ra_ i)

I'(r,— R;) being the electron-nucleus interaction, so
that E({R;}) is the eigenvalue which corresponds
to a given 1 in a fixed configuration {R;}, not
necessarily the periodic configuration. We can then
regard (5.1) as Schrédinger’s equation in a random
potential, the random coordinates being those of the
electrons, the probability density being

w({r)s {R;})P
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and we can furthermore regard it is a lowest order
approximation, i.e. an average potential approxi-
mation, which follows from (5.2), the potential
being H as from (5.3)'%. This interpretation be-
comes very simple only if v does not depend on
{R;} in such a way that a well defined probability
function, independent of the nuclear motion itself,
can be assigned to the electron coordinates, but in
principle this is not required.

If we consider the simplest metals however it is
satisfied; in fact then v will be an antisymmetric
Slater determinant built up from plane waves and
hence independent of {R;} such that E({R;}) can
be splitted into two contributions, one coming from
the first two terms in (4.3) which depend only on
the electron coordinates, identical for all metals,
and another containing the electron-nucleus inter-
action. By means of a suitable energy scale choice
we can neglect the former while we can interpret the
latter as the average potential on each nucleus gen-
erated by the electrons, randomly distributed in
space as |y |2 of each electron is proportional to
1/, where 2 is the volume of the system. Thus we
recover the conditions of paragraph 3 so that we
derive that the metals considered here, provided the
nuclei plus core are fermions, their Fermi level
being inside localized states at 7220, are unstable
against formation of a lattice, whose spacing is
ay=2a/q, where g, is given by (3.9), and there
exists a collective dynamical mode around the lattice
whose frequency is given by (4.1), which can be
interpreted as a phonon dispersion relation in the
acoustic domain. Testing this interpretation requires
the calculation of kr which determines both the
lattice spacing and the frequency of vibration. To do
that we rewrite Eq. (3.10) as

er= (R2/2m) ke + V (5.4)
which is an energy conservation relation, kp/m
playing the role of a velocity, so that we can apply
the virial theorem 17

V=—2(h?2m)kg? (5.5)
on assuming for example that the electron-nucleus
potential is of the Coulomb type. In effect a screened
Coulomb potential will be assumed for convergence
reasons, but actually by final results will be in-
dependent of the screening radius. We thus have

V= _N,Z4r(Ze272) (5.6)

where 7 is the inverse of the screening radius, which
can be eliminated in favour of the density of states
N (&'p) of the electrons at the Fermi level according
to 18:

47(e*/4?) =1/N (¢'p) (5.7)

thereby showing the actual independence from 4. By
means of (3.10) we then find

. (JYa z )""2

Ur m mN (ep)

(5.8)

which is a common result for the velocity of sound
in alkali metals®. It is convenient to note that &5’
is the Fermi energy of the electrons now, which
arises from the fact that the screening parameter 2
is determined by the electrons in this framework.
One thus finds that acoustic phonons can be viewed
as collective modes generated by the localization in-
duced by the random potential of the electrons, plus
Coulomb interactions.

In a similar way, on using (3.11) and (5.8) the
lattice spacing is obtained as

ag— 1.26/N,1/3 256
where N(ep') =3 N, Z/ey’ and
&F = (R?/2me) (37%N, Z) 2/3

(5.9)

are used as appropriate to the free Fermi electron
gas 20,

In Table 1 we report the atomic masses of the
alkali metals as well as other quantities of interest.
The spins of the nuclei, with the exception of the
rare isotopes °Li and %°K, are odd so that we are
dealing with fermions as required. Explicit calcula-
tions for a, are based on the N, values of this table
and the results are summarized in Table 1 where
they are compared with the experimental values. The
agreement is almost perfect.

In the framework used here g, is the wavevector
of the collective mode so that @, should be inter-
preted as the wavelength, that is the spatial unit
which repeats periodically in the mode; thus we find
the obvious interpretation of a, as the lenght of the
unit cell which is the spatial repeating unit. We
cannot deduce from the calculation the number of
atoms in the cell but we can infer that the cell must
be cubic as only one solution exists to the dielectric
instability; one notes, interestingly enough, that all
alkali metals have cubic cells, although the number
of atoms inside the cell is greater than one owing to
the b.c.c. structure.
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Table 1. Parameters of alkali

Element-Z-  Atomic mass  Crystal ain A Density in Na X102 metals taken from Ref.. g is
(average) structure gem™? inem—? the length of the (cubic) unit
- cell. The superscripts on the
Li 1 6.939 bic:c. (3.459) 3.49178K  (0.54278K 0.047 right indicate the temperature
Na 1 22.989 b.c.c. (4.208) 4.2255K 1.0135K 0.026 each value refers to, the numbers
K 1 39.102 b.c.c. (5.174) 5.225°K  0.9105K 0.014 in parentheses indflcﬁ!e the theo-
Rb 1 85.470 b.c.c. (5.586) 5.5855K  1.6295K 0.011 EELnR). TRlfes dy 0F HR HER
Cs 1 132.910 b.c.c. (5.983) 6.0455K 1.9975K 0.009
Table 2. P t of non
Element-Z-  Atomic mass  Crystal ain A ala, Density in Na X10% aﬁl(ag metafsrar‘r;iiilrls can be
(average) structure gem—3 inem=3 treated as fermions, referring
to room temperature. The num-
Be 2 9.012 h.c.p. (1.421) 2.27 1.60 1.82 0.498 bers in parentheses are the
c=3.59 theoretical @, values of this
Ba 2 137.34 b.c.c. (2.776) 5.02 1.81  3.59 0.255 paper. The ratio a/a, is also
Al 3 26.98 f.c.c. (1.277) 4.05 317 270 0.395 iep":}‘le?- ¢ is “}1;? adﬁm‘mal
In 3 11482 tetr. (1.479) 325 220 7.29 0.341 CRERLION ROR GESIE et
c=4.95
Zn 2 65.37 h.c.p. (1.744) 2.66 1.53 7.13 0.406
c=4.95
Pb 4 207.19 f.c.c (1.225) 4.95 4.04 11.34 0.324

If other so called simple metals are considered
and only those having uneven spin, according to
the criterium given above, are selected, the results,
even if neglecting the ¢ length for non cubic struc-
tures, are much worse as follows from Table 2, and
one notes an increasing disagreement for increasing
Z, a result certainly due to the fact that the electron-
nucleus interaction is no longer negligible as far as
the wavefunctions of the electrons are concerned.
These metals are thus less “simple” than the alkali
metals.

Conclusion

The stringent evidence of the agreement between
experimental and theoretical a, values and velocities
of sound in this simplified model calculation in-
dicates that the nuclear localization, as due to the
random potential of the electrons, is a basis for
understanding the origin of the crystal lattice as well
as lattice vibrations in simple metals.

We have indicated how it works in this simple
case but in principle no objection exists against an
improvement such as taking the electron-nucleus
coupling into account in a more satisfactory way.
The theory is also restricted to fermions, the reason
being an expected different behaviour for bosons.
The Pauli principle forbids in fact that more than
two particles be in the same localized state so that

an increasing number of such states will be filled on
increasing the number of particles. Thus an in-
creasing portion of space will be occupied even in
the presence of a relatively weak RPA field.

Bosons on the other hand would condensate in a
single state at T~ 0 thus avoiding the occupation
of increasing volume. It is doubtful if an RPA field
description can be accepted in this case, the effective
Coulomb interaction being much stronger. It appears
that statistics discriminates strongly the two kind of
particles although spin doesn’t appear explicitly.

We note that Eq. (2.14) can be interpreted dia-
gramatically as a low-order loop in the expansion
of the proper polarization part 7(q) normalized by
the vertex 1 — 03k /J¢; so in effect higher order
diagrams are included in a seli-consistent way,
coming from the self-energy renormalization used
in the propagator lines: it is the vertex that is re-
sponsible for the instability, which would disappear
within a bare framework.

Equations (2.19) and (2.20) on the other hand,
which the instability relies upon, are taken from a
transport formulation valid for localized states and
are related to the vanishing of the static conductivity
as a function of energy at absolute zero, when the
energy belongs to a localized state [see Egs. (5.3)
to (5.4) of Ref.%] and Ref.!? for equivalence be-
tween the two.
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Some points which we didn’t consider are the in-
clusion of exchange and correlation beyond the
RPA and wave function effects due to core electrons.
The first point, as far as exchange is concerned,
appears of decisive importance as it is expected to
produce spin arrangements and spin interactions
which are absent in this zero-spin formulation and
it is our purpose to continue investigating this point
althought we believe that the crystallization picture
will remain unchanged.

Correlation, on the other hand, appears difficult
to examine but a posteriori the excellent agreement
between calculated and measured values of the lat-
tice spacing seems to exclude any appreciable effect.

Finally core electrons have not been considered
as far as their wavefunctions are concerned because
only valence electrons are expected to generate the
random potential; there does not appear to be any
other simple way to treat them and we are doubtful
whether a formal general treatment including them
from the start would give an appreciable improve-
ment for the alkali metals: the size of the core in
these metals is too small as compared to the volume
available to valence electrons (see Reference 1%).

Appendix A:
Gauge Invariance and Functional Consistency

There are two requirements that the decoupling
(2.10) — (2.11) must satisfy, namely gauge in-
variance and functional consistency.

Gauge invariance is expressed by the following
Ward’s identity 2!:

(G(e)) C(eg)) = — (G(ey) —G(er)) (A1)

g —&
to be satisfied by the Green function operator 6(8}
=(e—p*2m— 7)~1 the matrix elements of which
in space representation are involve§ in (2.10),
P%/2 m being the kinetic energy and V' the random
potential, to be taken as the fourth component of the
tetra-potential describing an electromagnetic field.
In particular when &;— &, (A.1) becomes

6@ 69)= - 5 (@@) (A

and taking matrix elements in real space we get
Jar’ (G(r,v";e)C(r", 75 ¢))

=—’a*<0(f,r';8)>

3 (A.3)
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an identity which is readily seen to be satisfied by
the approximation (2.11) for y (r—1’). This proves
that gauge invariance is preserved by the decoupling.

The second point is less trivial as it is a require-
ment on the fact that the decoupling (2.10) must
also preserve the correct functional form of an
average of a product of Green functions, which is
not guaranteed a priori by the choice (2.11) for
7(r). We can conveniently examine this point in
Fourier space as in fact Eq. (2.10) becomes

f dk
(2_7)3

= G(k,) G(k”) <l = aag P (8)) 6k'—q,k”’

(G k(&) Gk- gk (£)) (A.4)

which will be simpler to examine.

We now expand the left hand side of (A.4) in
powers of the potential according to a standard
method and then verify that the right hand side is
consistent, in a functional sense, with the exact ex-
pansion. The whole expansion however need not to
be carried on to all orders and a few low order
terms suffice to prove the consistency.

Let’s then expand the Green functions on the left
hand side of (A.4) according to (we neglect ¢ again
for simplicity) :

Gr,k =G% Ok k' + Gl Vi x Gk (A.5)
d 7’

-l—f' k*3 G Vi x G Vi k Gk +. ..
(271)

where G% is the unperturbed Green function and

Vi k the matrix elements of the random potential
which are given by:

Gk = (e—h*k2m—in) ™15 9=0,,
Vieok=2exp{—i(k'—k) R} vk k

(A.6)
(A7)

where we assume that the randomness of the poten-
tial is due to the random variables R;, to be con-
sidered as positions from where the potential acting
on each particle of the system is developed. This
particular choice was used in par. 5, by identifying
R; as the random position of the electrons inter-
acting with the nuclei in metals.

We have then

dk
f_(;z)“ (Ck,k Gk _q,k) =Gk Gk Ok gk

+N,ZG% Gk vir i Gk Ok —q i (A8)
+N.Z Gy vie, ke Gk Gl Ok —q i+ ..«
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N.Z being the density of electrons in the metal,
which developes a structure where each terms is of
the form

a(kla ks q, k”/) 6'(' -q,k""’

so that one easily verifies the functional consistency
of (A.4), which is of course an approximation from
the numerical point of view but is thus exact from
the functional point of view. We can, as a particular
case, of relevance in this paper, verify that as ¢— 0,
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3 -
T e Gk
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